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It is the purpose of this note to give a clear and complete argument 
for the relativistic character of the energy and momentum radiated by 
a single accelerated point charge. 
Let z?(s) be the world line L of a moving point charge e, s being the 
Minkowski arc 1ength.l The motion of the charge at ,P, particularly the 
4-velocity ?’ s dz”/ds, and the 4-acceleration ‘;;p G d2zplds2, determines 
the electromagnetic field at any event xp on the future null cone of z~‘. 
given by (Fig. 1) : 
Y,,YP = 0, y'" = x!-J - ,y, 
p> 0. (1) 
The Liknard-Wiechert retarded po- 
tential at xB is 
*‘fh = ei” 
IE’ ’ 
w = i,y@. (2) 
The electromagnetic field F,, and 
the electromagnetic energy tensor 
P are obtained from 
Fig. 1 
F,(” - aA, - dA” 
axv ax/l ’ 
* This research was supported by the United States Air Force under Contract 
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1 The metric is given by ds2 = ‘qfiv dxrdxv = - (dx’)2 - (da+)2 - (dxS)2 I (dx”)2. 
Gaussian units are used, with the velocity of light r = 1. 
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This field satisfies Maxwell’s equations aF@“lax” = 0, and as a consequence 
the energy tensor satisfies the conservation law 
aE!-JV -= 
axv 0 (4 
everywhere except on the world line L. 
A straight-forward calculation gives : 
4nEr’ = - -$ 1 y”yY 
For large values of yp and W, the terms of the three lines of (5) are of 
orders w-s, w-~, w-4, respectively. 
Fig. 2 
The field associated with the arc QQ’ of the world line L of the charge 
is confined to the space time region between the two future null cones 
L’ and L” with vertices at Q and Q’ (Fig. 2). The outward radiation of 
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momentum and energy associated with the arc QQ’ is given by the 
4 components of 
the flux of the energy tensor across a distant 3-surface S lying between 
the null cones Z and Z’. In (6), dt(3jv = .saayy du# &)xB &9’ is the 
vector 3-extension of a 3-cell spanned by the ordered triplet of independent 
infinitesimal displacements dcljxu, dtzJxa, d(,,)P which lie in the 3-surface S; 
the orientation is chosen such that dt,,,,X > 0 for any vector 2” which 
points out of S and away from the world line L. 
Different inertial observers will, in general, make distinct natural 
choices of the distant 3-surface S. It is important to show that the integral 
(6) is in fact independent of such a choice. This will nowdbe done. 
Green’s theorem states 
Here ttai is, a 4-region bounded by the closed 3-surface tfQJ ; dr(*, 
= %ByS d(,,x” d(@ d(3@ d(4# is the 4-extension of an infinitesimal 
4-cell of tt4) with the orientation chosen so that drc4) > 0; dtcyj, is the 
S-extension of an infinitesimal 3-cell in tt3) with the orientation chosen 
so that dt(,,,l’> 0 for any vector 1’ pointing outward from rc4). This 
nonmetrical form of Green’s theorem holds quite generally for any well 
behaved point function T and for a large class of closed 3-surfaces t(a), 
including null surfaces. 
Consider any two 3-surfaces S and S’ lying between the null cones 
L?Y and Z, the portions of the two null cones lying between S and S’ 
being denoted by o and 0’ (Fig. 2). With EpY replacing T, Green’s theorem 
is now applied to the hyper-torus bounded by the 3-surfaces S, S’, a 
and a’. The integral over rt4) vanishes by virtue of the conservation 
laws (4), and thus 
(8) 
If the orientations of the S-cells dt(,),, instead of satisfying the convention 
of Green’s theorem, are chosen so that &,,,,A’> 0 for the vectors Rp 
shown in Figure 2, then Eq. (8) becomes 
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The 3-extension dTtajv of a 3-cell on the null cone o is a null vector 
proportional to yy : 2 
dqs)v = yv do. (10) 
In this case the only terms contributing to E”‘dt(,,, are the “Coulomb 
terms” in the last line of Eq. (5). They give 
Thus, in the last integral of Eq. (9), the integrand is of order ZJ--~ for 
large w whereas ~JtC3Jp is of order zG. It follows that the integral is 
of order w-l. More precisely, if IZ is the minimum value of w for points 
on S and S’, then 
E”” dt(s)v = O(ziS). W) 
The same result holds for the integral over u’. Hence Eq. (9) gives 
jEQqs,v = 1 EP” dt(s)y + O(rF+). (13) 
S’ s 
This establishes the principal result of this note, that 
a 
P@ = lim 
rE-$-tm I 
EpY dzt3Jy (14) 
S 
is independent of the shape of the S-surface S, and that therefore P” 
is a 4-vector, the energy-momentum vector of the radiation emitted by 
the point charge in the interval QQ’. 
Once this vector character is established, the calculation of P” is 
straightforward and well known. 3 For the sake of completeness, the 
calculation is outlined now. 
Let QQ’ be infinitesimal, of length ds. For S choose the cylindrical 
3-surface w = G = constant, and choose a coordinate system such 
that the time like 4-velocity is i P = (O,O,O,l) and the orthogonal 4-accelera- 
tion is ‘z’p = (a,O,O,O). For a general point on S, y” = (sin 0 cos $, 
2 J. L. Synge calls the proportionality factor do “the absolute Z-content of a 
3-cell on a null cone;” Appendix D, “Relativity: The Special Theory,” North- 
Holland Publishing Company, Amsterdam, 1956. 
3 Cf. Synge, J. L. “Relativity: The Special Theory”, Appendix B. 
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sin /3 sin 4, cos 8, 1) S and dt(a,, = - (yy/7&3 - ,iV) ~3~ sin 6 df9 &#J ds, 
where the parameters 13 and 4 are the usual spherical polar angles with 
ranges 0 < 8 < n, 0 < I#I < 2n. In the integral (14) the only terms 
of E” which contribute in the limit G -+ bo are those of order riV2, i.e. 
the terms in the first line of Eq. (5). They give 
n 2n 
= -&e2a2ds sinede &#J [l -sin28cos2+](sin8c0s~,sin8sin~,cos8,1), 
s s 
0 0 
LiPI== dP2 = dp3 = 0, 
2 
dP4 = - e2a2 ds. 
3 
(15) 
The equation 
is tensorial and reduces to Eq. (15) for the special choice of coordinates 
made above. It is therefore valid in general coordinates and gives the 
outward radiation of energy and momentum during an infinitesimal 
propertime ds. For a finite interval QQ’, the total radiation is 
(17) 
